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Dynamics of cholesteric structures in an electric field
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Motivated by Lehmann-like rotation phenomena in cholesteric drops we study the transverse drift of two
types of cholesteric fingers, which form rotating spirals in thin layers of cholesteric liquid crystal in an ac or dc
electric field. We show that electrohydrodynamic effects induced by Carr-Helfrich charge separation or flexo-
electric charge generation can describe the drift of cholesteric fingers. We argue that the observed Lehmann-
like phenomena can be understood on the same basis.
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One of the most interesting manifestations of macrosco
chirality are cholesteric liquid crystals. In cholesterics, as
nematic liquid crystals, there is long-range orientational
der of the elongated molecules along a local axis descr
by the directorn. Whereas in nematics the elastic forces~or
torques! tend to establish a uniform orientation ofn, the
chiral molecules in cholesterics lead in equilibrium to a h
lical arrangement withn perpendicular to the helix axis
Choosing the axis alongz, the structure with pitchp0 is
given byn5„cosw(z),sinw(z),0…, w5q0z, q052p/p0.

The helical symmetry leads to interesting dynamical
fects. Particularly intriguing is the Lehmann rotation of t
director structure in a cholesteric droplet heated from bel
described in Refs.@1–3#. It has not been observed agai
which is usually attributed to the influence of surface anch
ing. However, the electric analog where the temperature
dient is replaced by a dc electric fieldE ~‘‘electromechanical
effect’’! has been observed@4#. Traditionally, the explanation
is based on phenomenological hydrodynamic considerati
which by symmetry allow for an additional dissipative d
namic coupling between the director and electric fie
~‘‘electromechanical coupling’’! @2,3#. Strictly speaking, here
‘‘hydrodynamic’’ means that spatial modulations must
slow on the scale of the pitch which is not the case in R
@4#. In fact, in the experiments the director structure ins
the droplet was not a homogeneous helix, but included s
stantial spay-bend distortions and even defects. Ano
weakness of the approach is that no underlying mechan
has been identified that would, at least in principle, allow
determine the coefficients involved.

We have investigated a driving mechanism for chirali
related dynamical phenomena, involving well-establish
electrohydrodynamic~EHD! effects. Actually, director rota-
tion is not the best choice to study such phenomena, s
special precautions are needed to avoid surface ancho
@4#. Another effect is related to the intrinsic length scale d
fined by helical symmetry. In a confined geometry this c
lead to the spontaneous formation of spatial structures~‘‘cho-
lesteric fingers’’! lacking certain reflection symmetries
which under nonequilibrium conditions results in drift of th
structures. This is not affected by surface anchoring. We
show that this drift can be explained by EHD effects and
the end, return to the rotation phenomena.
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Cholesterics placed between two plane parallel electro
~separationd), providing strong homeotropic~perpendicular
to the electrodes! anchoring ofn, can experience unwinding
of the helix due to the orienting effect of the electric field a
of the boundaries. The unwinding transition, which is typ
cally discontinuous, occurs when a combination of the c
finement ratioC5d/p0 and the electric field strength~or
applied voltageU) reaches a critical value@5#. Thus, there
exists a line in the (U,C) plane where the two phases coe
ist. Near this line one finds the cholesteric fingers~CFs!:
elongated structures that are localized or arranged peri
cally. At least four types of CFs were observed@6#. The
director configuration of CF of the first type~CF1! is invari-
ant with respect to ap rotation about the finger axis@7#,
whereas CF2 has a mirror symmetry with respect to the m
plane of the cell@6,8#, see Figs. 1 and 3~top!. The difference
in structure of CF1 and CF2 manifests itself in the dynami
In a dc field both fingers are observed to drift perpendicu
to their axes@9,10#, whereas in an ac field only CF2 drift
@9–11#. Since CFs also grow along their axes one obser
the formation of CF spirals. Most measurements of the tra
verse drift of CFs are based on the analysis of spiral dyn
ics.

As the motor of the CF1 drift only the electromechanic
coupling has been proposed@10#. The magnitude of the drift
velocity estimated with the coupling coefficient taken fro
droplet rotation-type experiments turns out to be at least
order higher than observed@10#. To explain the drift of CF2
in an ac field, several models were proposed@8#, including
electromechanical coupling. However, these models fai
describe the recently observed falloff of the drift velocityV'

when the frequencyf 5v/2p of the applied electric field
approaches the inverse charge relaxation timetq @12#. In the
experiments the conductivity, and therebytq , was varied by
using different concentrations of ionic dopant.

The mechanism we propose is based on flow induced
ther by charge separation through anisotropic conductiv
i.e., the Carr-Helfrich effect,~CF2 under ac driving! or by
flexoelectric charge generation~CF1 under dc driving!. We
use the standard set of nematodynamic equations for the
rector n, the velocity v ~Navier-Stokes equation! in the
Stokes approximation~neglect of inertial terms!, and the
electric fieldE @2,3#. As usual the electric properties of th
material are described by a dielectric permittivity tensore i j
©2003 The American Physical Society08-1
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5e'dij1eaninj (e' , e i5e'1ea are the permittivities per-
pendicular and parallel to the director, respectively!, the
analogous conductivity tensors i j 5s'd i j 1saninj , and a
flexopolarizationP f l5e1n(“•n)1e3(n•“)n. We introduce
dimensionless variablest5tdt̃ , r5dr̃, E5(U0 /d)Ẽ, P f l

5(e0U0 /d)P̃ f l , and charge densityrel5(e0U0 /d2) r̃el .
Here td5g1d2/K33 is the relevant director relaxation tim
(g1 is rotational viscosity,K33 is bend elastic constant!, U0

5AK33/e0 characterizes the typical voltage (U0'1 V for
the materials used!.

We choose thez axis perpendicular to the bounding ele
trodes and allow for a drift of the structure with velocityV'

in the x direction, transverse to the finger’s long axis
replacing] t→] t2V']x . Then the equations can be writte
as ~tildes are omitted,V'5V'x̂)

@] t1~v2V'!•“1g28d=
'A= 2V3#n52d='hr , ~1!

p,i2Tji , j
v 1hk

vnk,i5relEi2V'Sji , j , ~2!

tq

td
@] t1~v2V'!•“#rel1rel5“•@2e'jH~n•E!n1Pf l #,

~3!

supplemented by the incompressibility condition“•v50,
the Poisson equationrel5“•@e'E1ea(n•E)n1P f l #,
which was already used in the charge conservation equa
~3!, the electrostatic condition“3E50, and the director
normalization n251. The notation f ,i5] f /]xi is used
throughout. The generation of space charges is characte
by the Helfrich parameterjH5sa /s'2ea /e' in Eq. ~3!.

The director equation~1! couples to the flow field through
the local fluid rotationV5(“3v)/2 and the hydrodynamic
strain tensorAi j 5(v i , j1v j ,i)/2 with g285g2 /g1 and the pro-
jection tensor d i j

'5d i j 2ninj . Coupling to the elastic
and electric torques is throughhi

r5dF/dni with the free
energy density F5 1

2 k1(“•n)21 1
2 k2@2pC1n•(“3n)#2

1 1
2 k3@n•(“3n)#22 1

2 ea(n•E)22P f l
•E. Here ki5Kii /K33

with the elastic constantsKii .
In Eq. ~2! the Stokes approximation is justified since t

processes of interest are controlled bytd;1 s and the charge
relaxation time tq5e0e' /s';1023 s, which are much
larger than the viscous relaxation timetv5rmd2/g1
;1026 s (rm is the mass density!. The elastic part of the
stress tensor~Ericksen tensor! has been eliminated and th
pressure redefined:p5p01F @13#. The viscous stress
tensor is Ti j

v 5a18ninjnknmAkm1a28niNj1a38njNi1a48Ai j

1a58ninkAk j1a68njnkAki , wherea i85a i /g1 with the Leslie
viscosity coefficientsa i . Moreover, N5(] t1v•“)n2V
3n andhk

v5Nk1g28njAjk . The bulk forcerelE is the Cou-
lomb force andSi j 5a28ni]xnj1a38nj]xni .

We solve Eqs.~1!–~3! in a perturbative way:n5n01n1
1•••, E5E01E11•••, v5v11•••, V'5V'11•••, rel
5rel11•••. At lowest order the electric charge is neglecte
Therefore no bulk force arises in Eq.~2! and thusv0[0. n0
andE0 are obtained from

d0=
'h0

r 50, “•@e'E01ea~n0•E0!n0#50. ~4!
03170
on

ed

.

We write E05E0( ẑ2“f0)cos(vtdt) with E0 being the ap-
plied electric field andf0 being the induced potential, whic
takes care of“3E050. Previous results show that the d
rector configurations obtained from Eqs.~4! and the stability
diagrams are in good agreement with the experime
@5,6,12#. We have solved Eqs.~4! in two dimensions~infinite
extension of the CF in they direction! by a relaxation
method, treating the conditionn0

251 explicitly @12#.
At first order Eq.~3! gives

rel152
cos~vtdt !1vtq sin~vtdt !

11v2tq
2

E0e'jH

3“•$@n0•~ ẑ2“f0!#n0%

1ef l“•H n0~“•n0!1
e3

e1
~n0•“ !n0J , ~5!

whereef l5e1d/(e0U0). The dc case is covered by settin
v50. Next we solve the Navier-Stokes Eq.~2! at first order.
Taking the curl and using the condition“•v150 one can
eliminate the pressure, which leads to a linear inhomo
neous ordinary differential equation forv1 with the coeffi-
cients depending onn0. The form of the inhomogeneitie
@right-hand side of Eq.~2!# gives a solution of the form

v15
e'jHEe f f

2

11v2tq
2

f11ef lE0 f21V'1 f3 , ~6!

whereEe f f5E0 /A2 (E0) for ac ~dc! driving and the second
term appears only in the dc case~then alsov50). For the ac
case a time average of Eq.~2! was taken. The functionsf i

depends only onn0 and thea i8 ( f2 depends also on the rati
of the flexocoefficientse3 /e1). We have determined the
functions f i @from the linearized Eq.~2!# by a Galerkin ex-
pansion with trigonometric functions~for CF1! and Hermite
polynomials~for CF2! as trial functions.

Finally, the director equation~1! at first order gives

d0=
'h1

r 1d1=
'h0

r 5~v1•“2V'1]x!n01g28d0=
'A1= n02V13n0 ,

~7!

whereh1
r , d1=

' are linear inn1. The homogeneous problem

d0=
'h1

r 1d1=
'h0

r 50 is self-adjoint. It is solved by the transla

tion mode]n0 /]x. The solvability condition for the inhomo
geneous problem obtained by projecting Eq.~7! onto]n0 /]x
@with v1 substituted from Eq.~6!# fixes the drift velocity
V'1. In physical units we obtain

V'15
d

g1

e0e'jH

11v2tq
2

Ee f f
2 I 1

I 01I 3
1

e1E0

g1

I 2

I 01I 3
, ~8!

where I 05^n0,x•n0,x&, I 15^n0,x•g1&, I 25^n0,x•g2&, I 3
5^n0,x•g3&. The last term appears only in the dc case. T
functionsg1 , g2 , g3 are easily expressed in terms off1 , f2 ,
f3, respectively. The scalar product is defined by^a•b&
5**(a•b)dxdz.
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We first discuss our results on CF2 drift in an ac fie
Since in the experiments the arms of CF2 spirals are w
separated@12#, we have in the computations chosen a b
width large compared to the width of the director structu
~isolated finger!. The director profilen0 together with the
stream lines of the flow from~6! as computed for the param
eters of the material 5CB (48-n-pentyl-4-cyanobiphenyl!
@14# used in the experiments are shown in Fig. 1. In Fig
our results forV'1, which is of order ofv1, versus reduced
frequencyvtq are shown, together with the experimen
results~the different symbols relate to different impurity co
centrations between 231025 and 0.05 wt %)@12#. The au-
thors of Ref.@12# have scaled the frequency down by a fac
of about 1.75 in order to account for the fact that the cha
relaxation timetq was measured in the isotropic phase
temperatureT540 °C ~the experiments were done atT
530 °C). The three curves correspond tos i /s'51.3, 1.4,
and 1.5, which agrees well with measurements in pure 5

FIG. 1. Director profile ~top! and induced velocity profile
~stream lines! ~bottom! of CF2. U51.9 V, vtq51, 5CB material
parameters@14#.

FIG. 2. Drift velocity of CF2 vs reduced frequency. Points a
experimental data from Ref.@12#, lines are calculations from Eq
~8!: for s i /s'51.3 ~solid!, s i /s'51.4 ~dashed!, and s i /s'

51.5 ~dash-dotted!. C51.77, d531 mm, U051.9 V, 5CB mate-
rial parameters@14#.
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wheres i /s'51.44 @15#. s i /s' is the only parameter no
given in Ref.@12#.

Another experimental result born out by the model is t
approximate linear dependence of the drift velocity of C
as a function of applied field for samples with different thic
nesses but fixed confinement ratioC @12#. The CF2
appear only around an electric field such that (E0d)2

5p2/(e0ea)(4C2K22
2 2K33

2 )/K33 @5#. Using this to eliminate
d from Eq. ~8! one obtains the linear dependence of the d
velocity onE0.

We now turn to CF1 in a dc field. From the symmetry
the director profilen0 one now hasI 150, so one is left with
the last term in Eq.~8! relating to flexoelectric charge gen
eration. Unfortunately one now has to cope with various u
certainties. First, the approximation of isolated fingers is
valid, since in the experimental spirals neighboring fing
are packed closely@10,16#. Second, in the dc case one has

FIG. 3. Director profile ~top! and induced velocity profile
~stream lines! ~bottom! of CF1. U50.2 V, L5LF51.95, MBBA
material parameters@17#.

FIG. 4. Drift velocity of CF1 vs voltage: points are experimen
data from Ref.@10# shifted by 2 V; lines are calculations from
Eq. ~8!. Solid line, L5LF(U); dashed, L51.9; dot-dashed,
L52.1. Flexocoefficients e1521.05310211 C/m, e3521.25
310211 C/m. C51.14, d512 mm, MBBA material
parameters@17#.
8-3
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expect screening of the electric field by Debye layers,
evidenced in Ref.@16# and also suggested by the volta
offset ;2 V in the current-voltage curve presented in R
@10# @both using the material MBBA ~4-methoxy-
benzylidene-48-n-butylaniline!#. Thus we have solved Eqs
~4! on a widthL in the x direction with periodic boundary
conditions.V'1 turns out to be sensitive toL: it decreases
with decreasingL and even changes sign atL'1.6. In the
absence of experimental data on the finger width
have—on one hand—minimized the free energy density w
respect toL for given values of the electric field leading t
the ‘‘optimal’’ box width LF(U). Typical values ofLF ~in
units of d) are 2 –2.5 for a voltage 0.2–3 V. In Fig. 3 a
example of the calculated director profile and the stre
lines of the flow from Eq.~6! are shown. We have also mad
calculations for some fixed values ofL. Our results forV'1
as a function ofU, corrected by a screening of 2 V, are give
in Fig. 4, together with the experimental data@10#. Typical
values of the flexocoefficients for pure MBBA were chos
@18#.

In conclusion, we have developed an EHD model for
drift of CF1 and CF2. For CF1 in a dc electric field, flo
induced by flexoelectric charge generation can describe
drift, but no quantitative conclusion could be drawn. For C
t.
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a Carr-Helfrich-like mechanism describesquantitativelythe
drift in an ac electric field. Moreover, our preliminary studi
show that the EHD model with flexoelectric charge gene
tion ~as in CF1! can describe the rotation of cholesteric dro
lets in a dc electric field@4#, which has hitherto been inter
preted in terms of phenomenological electromechan
coupling. Furthermore, it seems very likely that analogo
thermohydrodynamic effects, which lead to very efficie
convection phenomena in liquid crystals@19#, can also de-
scribe the original Lehmann rotation@1#. This then suggests
that so far there is no clear experimental manifestation of
~unspecified! phenomenological electromechanical or the
momechanical coupling. The EHD model provides a ve
general mechanism for forces and motion that can be app
to other director structures, like other types of choleste
fingers~CF3 and CF4! and defects in an electric field.
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